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t-(2k, k, A) designs having a property similar to that of Hadamard 3-designs 
are studied. We consider conditions (i), (ii), or (iii) for t-(2k, k, A) designs: (i) The 
complement of each block is a block. (ii) If A and B are a complementary pair of 
blocks, then 1 A n C 1 = [ B n C 1 & u holds for any block C distinct from A 
and B, where a is a positive integer. (iii) if A and B are a complementary pair of 
blocks, then 1 A n C 1 = 1 B n C 1 or 1 A n C 1 = 1 B n C 1 & u holds for any 
block C distinct from A and E, where u is a positive integer. We show that a 
t-(2k, k, A) design with t > 2 and with properties (i) and (ii) is a 3-(2u(2u + 1), 
u(2u + l), u(2uz + u - 2)) design, and that a t-(2k, k, A) design with t > 4 and 
with properties (i) and (iii) is the 5-(12, 6, 1) design, the 4-(8, 4, 1) design, a 
5-(29, u2, $(t2 - 3) (12 - 4)) design, or a S-($u(2a + l), .ju(2u + l), &u(2uz + 
u - 9) (2~~ + u - 12)) design. 
I. INTR~D~JCTI~N 
We understand a &(q k, A) design to be a pair of a c-set X and a family ~8 
of k-subsets of X, such that each t-subset of X is contained in A elements of 23. 
Elements of X and 29 are called points and blocks, respectively. In this paper 
we consider t-(v, k, A) designs with c = 2k and with the property that 
(i) the complement of each block is a block. 
Alltop (Theorem A1 [I]) showed that if t is even and k > t then a 
t-(2k, k, A) design with property (i) is already a (t + 1)-design. Using this 
result we can easily prove the following. 
PROPOSITION 0. Let (X, 9Y) be a t-(2k, k, A) design with t 2 2. Assume 
that (X, S??) satis$es (i) and the following; 
(*) $ A and B are a complementary pair of blocks, then 1 A n C 1 = 
1 B n C 1 holds for any block C distinct from A and B. 
Then (X, 9) is a 3-(2k, k, &(k - 2)) design, namely, a Hadamard 3-design. 
In particular t < 3. 
In this paper we consider condition (ii) or (iii) for t-(2k, k, A) designs in 
place of (*). 
89 
OO97-3165/78/024lOO89$02OO/O 
Copyright 0 1978 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
90 RYUZABURO NODA 
(ii) If LI and B are a complementary pair of blocks, then 1 ,4 f~ C : = 
1 B n C 1 -& u holds for any block C distinct from ,4 and B. Here u is a posi- 
tive integer, which may be dependent of the choice of A and B. 
(iii) If A and B are a complementary pair of blocks, then 1 A r~ C 1 = 
1 B n C 1 or 1 A n C 1 = 1 B n C 1 & u holds for any block C distinct from 
A and B, where zd is as in (ii). 
Our results are as follows. 
THEOREM I. Let (X, 9) be a t-(2k, k, A) design with t > 2. Assume that 
(X, 8) satisfies conditions (i) and (ii). Then t < 3, u in (ii) is independent of 
the choice of A, B and (X, J%) is a 3-(2u(2u + l), r4(2~ +- I), u(~z? + u - 2)) 
design. 
THEOREM 2. Let (X, 9) be a t-(2k, k, /I) design with t > 4. Assume that 
(X, S?) s&isfies conditions (i) and (iii). Then t < 5, u in (iii) is independent of 
the choice of A, B, ZJ is even, and one of the following holds; 
(1) (X, 9) is the 5-( 12, 6, 1) design, 
(2) (X, g) is a 5-($u(2u + I), -@(2u + I), &u(2uz + u ~- 9) 
(2zP + u - 12)) design, 
(3) (X, B) is a 4-(2u2, uz, $(uz - 2)(u2 - 3)) design (5-(2u2, uz, 
+(L? - 3)(u2 - 4)) design if u > 2). 
The only known example of 3-designs in Theorem 1 is the trivial 3-(6, 3, 1) 
design. The 5-(12, 6, 1) design exists and is unique [3]. The only known 
example of 5-designs in Theorem 2(2) is the 5-(24, 12,48) design associated 
with the Mathieu group M2a (The author does not know whether this is a 
unique 5-(24, 12, 48) design.) The only known example of 4-designs in 
Theorem 2(3) is the trivial 4-(8, 4, 1) design. 
Our notation and terminology for t-designs are standard. The number of 
blocks of a t-(c, k, A) design containing fixed i points is denoted by & 
(0 < i < t), A,, = b being the total number of blocks. As is well known 
equalities & = ((~1 - i)/(k - i)) &+I (0 < i < t) hold. If (X, B) is a 
t-(v, k, A) design and x is a point of X then (X - {x], {B - {x} 1 .x E B E J#) 
is a (t - 1)-(u - I, k - 1, A) design. This design is called a contraction of 
v-7 cm. 
2. PROOFS OF THEOREMS 1 AND 2 
We begin with the following general result. 
LEMMA 3. Let a t-(v, k, A) design (X, a) have a disjoint pair of blocks 
AandB.ForC~g-{A,B]set~~=iAnC]and&=]BnCl.Then 
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(I) if t > 2, EC (ac - /Q2 = 2k(& - & - k), where C rwu over 
all blocks distinct from A and B, and 
(2) tft 2 4, xc C% - ,Q4 = 2k{(& - A2) + 6 (k - I)& - 24 + 
A4) - ky. 
Proof of (1). Let Ci (1 < i < b - 2) denote blocks distinct from A 
and B, and for brevity set ai = q and & = &.. . Counting in two ways 
the number of pairs (a, C) with a E i n C (or B n k) gives 
and counting the number of triples (a, a’, C) with a, a’ 6 A n C (or B n C), 
a # a’ gives 
b-2 b-2 
iz 4,ai - 1) = fz P@i - 11 = Wk - 1X& - 1). P4 
Also counting in two ways the number of triples (a, e, C) with a G A n C 
and esBn C gives 
b-2 
2 w% = k2h . (2.3) 
By (2.1) - (2.3) we obtain 
b-2 
d; (ai - /W = 2k(Al - AZ - k). 
Proof of (2). Counting arguments similar to those above yield 
b-2 b-2 
2 4% - 1X% - 21 = 2 Pi@f - ~Mi - 4 
= k(k - l)(k - 2)(A3 - l), (2.4) 
b-2 b-2 
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By (2.1)-(2.8) we obtain 
;Cx?=;/3~~=k{~~+3(k-l)~2+(k-l)(k-2)~3-k~j, 
; ajy3j = T c&2 = k2{A2 + (k - 1) &I, 
; R: = ; pj4 = k{Al j- 7(k - 1) A2 + 6(k - l)(k - 2) A3 
+ (k - l)(k - 2)(k - 3) A* - k3}, 
7 Lq3 = ; a@ = k2{A2 + 3(k - 1) & + (k - l)(k - 2) A&, 
T ajyp = k2{A2 + 2(k - 1) A3 + (k - 1)s &I, 
and consequently 
Proof of Theorem 1. (X, .%) is a 3-design by Theorem AI [I]. Let A 
and B = X - A be blocks and aC, PC as in Lemma 3. Then by the assump- 
tion on (X, 3) and Lemma 3 we have 
(b - 2) u2 = x (UC - PC)2 = 2k(4 - A2 - k). c=9 
C 
Hence u is independent of the choice of A and B. Now since & = 
G?k - a/w - 2)) A3 is an integer, k - 2 divides 2A3 . Set 
e = 2A3/(k - 2). (2.10) 
Then A2 = (k - 1) e, AI = (2k - 1) e, and b = 2(2k - 1) e. Putting 
these in (2.9) gives 
u2 - W4 ~ A2 - 4 k2(e - 1) 
b-2 E 2ke - (e + I) ’ 
(2.1 I) 
Then since (2ke - (c + I), k(e - 1)) = (2ke - (e + I) - 2k(e - l), 
k(e - 1)) = (2k - (e + l), k(e - I)) and (2ke - (e + l), k) = (2ke - 
(e + 1) - 2ke, k) = (e + 1, k), it follows from (2.11) that 2ke - (e + 1) 
divides (e + 1)(2k - e - 1) = 2ke - (e + I) + 2k - e(e + 1). We claim 
that 2k - e(e + 1) = 0. Suppose first that 2k > e(e + 1). Then since 
2ke - (e + 1) divides 2k - e(e + 1) it follows that 2ke - (e - 1) < 
2k - e(e + I), hence (e - 1)(2k +e+l)<0,hencee=l,hence~2=0 
by (2.11), a contradiction. Now if 2k < e(e + 1) it follows that 2ke - 
(e j- 1) < e(e + 1) - 2k, hence (e + 1)(2k - e - I) < 0, hence 
2k <e+ 1. (2.12) 
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On the other hand applying a result of Cameron [2, Theorem 1] to a contrac- 
tion (a 2-(2k - 1, k - I, &) design) of (X, 9) we obtain & < (s’;‘), hence 
e < k - I. This contradicts (2.12). Hence it follows that 2k = e(e + l), 
so uz = iez by (2.11), and & = z4(2u2 + u - 2) by (2.10). Finally since 
((k - 3)/(2k - 3)) As = (2u2 + u - 3) u(2uz + u - 2)/(4u2 + 224 - 3) is not 
an integer we have t < 3. 
Proof of Theorem 2. (X, 99) is a 5-design by Theorem AI [l]. We make use 
of arguments similar to those in the proof of Theorem I. Let ,4, B and cq , 
& be as in the above. Then since t > 4 it follows by Theorem 1 that ac = & 
for some block C. Hence k and u are even. Let d be the number of blocks C 
such that 1 q - /& 1 = U. Then by Lemma 3 we have 
2k(AI - A2 - k) = z (Q - j3c)2 = u2d 
C 
and 
2k{(AI - A2) + 6(k - ])(A2 - 2& + AJ - k3j = x ( ac - j?c)4 = u4d. c 
Then since d # 0 by Proposition 0 it follows that 
g I 6% - 4) + 6(k - l)(A2 - 2A3 + Aa) - k3 
Al - A2 - k (2.13) 
Now since A3 = ((2k - 3)/(k - 3)) A4 and A2 = ((2k - 2)(2k - 3)/ 
@ - W - 3)) A4 are integers we have that k - 3 divides 3A4, k - 2 
divides 2A4 , whence (k - 2)(k - 3) divides 6& . Set 
’ = (k - ;)$ - 3) = 
12& 
(k - 3)(k - 4) . 
(2.14) 
Then A3 = ((2k - 3)/)k - 3)) A4 = +(2k - 3)(k - 2) e, A2 = ((2k - 2)/ 
(k - 2)) A3 = +(k - 1)(2k - 3) e, and AI = ((2k - l)/(k - I)) A2 = 
&(2k - 1)(2k - 3) e. Putting these in (2.13) gives 
u2 = 
+k(2k - 3) e + 6(k - I) e&k2 - &k) - kz 
+k(2k - 3) e - k 
(2k - 3) e + 3(k - 1)2 e - 3k2 z=z 
(2k - 3) e - 3 
k{(3k - 4) e - 3k} k{3k(e - 1) - 
= = 
4e} 
(2k - 3) e - 3 2ke - 3(e + I). * 
(2.15) 
Then since (2ke - 3 (e + I), k) = (3(e + I), k) and (2ke - 3(e + I), 
2{3k(e - I) - 4e>) = (2ke - 3(e + l), e + 9 - 6k) it follows by (2.15) 
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that 2ke - 3(e + 1) divides 3(e + 1)(6k - e - 9) = 3{(6ke - 9e - 9) + 
(6k - ez - e)}. We treat the following three cases separately. 
Casel. 6k<ez+e. We have that 2ek - 3(e + 1) divides 
3(e2 + e - 6k). Suppose first that 3(ez +e-6k) = 2ek-3(e+ 1). Then 
k = 3(e + l)2/2(e + 9) so u2 = (e + 1)(9e + 1)/4(e + 9) by (2.15). Hence 
2(e + 9) divides (3(e + 1)2, (e + 1)(9e + 1)) = (e + 1)(3(e + l), 9e + 1) = 
(e + 1)(3(e + l), 8), so (e + 9) divides 4(e + 1). Then e = 7 or 23 and hence 
zi2 = 8 or 39, a contradiction. Consequently we have that 3(e2 + e - 6k) > 
2{2ek - 3(e -t I)}, so 
3(e + l)(e + 2) > k(4e + 18) (2.16) 
On the other hand applying the result of Cameron [2, Theorem I] to a 
contraction (a 4-(2k - 1, k - I, As) design) of (X, 9) we obtain AI < (2’;1), 
hence e + 1 < k. Putting this in (2.16) gives 3(e + 2) > 4e + 18, a contra- 
diction. 
Case 2. 6k > e2 + e. We have 3(6k - e2 - e) 2 2ek - 3(e + I), hence 
-3(e2 - 1) 2 2k(e - 9), hence e < 8. We check each value of e. Let first 
e = 1. Then by (2.15) u2 = -2k/(k - 3) < 0, a contradiction. If e = 2, 
then u2 = k(3k - 8)/(4k - 9). Hence 4k - 9 divides k + 9. Hence k = 6, 
and As = 1 by (2.14). If e = 3, then u2 = k and A4 = +(k - 2) (k - 3). 
This gives a series of parameters in Theorem 2(3). Now let e = 4. Then 
u2 = k(9k - 16)/(8k - 15). Hence 8k - 15 divides k - 15, a contradiction. 
The same argument rules out the cases e = 5, 6, 7 and gives k = 12 in the 
case e = 8. But since 6 . 12 = 82 + 8, (k, e) = (12, 8) should be treated 
in the following case. 
Case 3. 6k = e2 + e. In this case it follows from (2.15) that u2 = $e2. 
Hence k = +e(e + 1) = &4(22.4 + l), hence A5 = +‘@(2u2 j- u - 9) 
(2~4~ + u - 12) by (2.14). 
Finally since ((k - 5)/(2k - 5)) As is not an integer for any parameters 
in Theorem 2 it follows that r < 5. 
Note. By a result of Cameron [2, Theorem 1] the dual of a contraction 
9’ of (A’, G&‘) in Theorem 2 is a partial design with class number 3. Let 
NI, N2, and Ns be the matrices whose rows and columns are indexed by the 
blocks of 9‘ and whose (C, C’) entry is 1 if 1 C n C’ 1 = +(k - u) - 1, 
+k - 1 and $(k + u) - 1, respectively, and 0 otherwise. Using Cameron’s 
method we can describe eigenvalues of Ni and their multiplicities in terms of 
design paramters and block intersection numbers, and can show that N2 
has (k2/u2) - 1 as its eigenvalue. Then since (k2/u2) - 1 must be an integer 
it follows that u divides k. Therefore a 5-design with the parameters in 
Theorem 2(2) exists only if u = 4 (mod 6). 
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The author tried to obtain other necessary conditions from the matrices 
N$ for a Sdesign in Theorem 2(2), (3) to exist, but did not succeed. For 
example, trace IVd = 0 (1 < i < 3) are trivially satisfied and give no restric- 
tions on k and u. 
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